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Abstract

The discretization of partial differential equations willoduce inaccuracies, and in particular
symmetry errors. Traditionally, symmetryfittedinto the numerical method[7] based on three
approaches. The first is to align the mesh with the underlsymgmetry and adapt the numerical
method accordingly[4, 14]. A second approach is to use thealecoordinate frame and to use
a coordinate transformation from physical to computatiepace. For this type of strategy the
particular symmetry is contained within the Jacobian fertiiansformation and is embedded in
a Geometric Conservation Law[17]. Finally, a third apptocto modify the numerical method
to reduce the asymmetric errors, inherent within the trtionderms, by using more information
from the wider computational mesh stencil[13]. Partiafetiéntial equations remain unchanged
when certain transformations are performed; ttegsemetrie¢eave the equations invariant after
a given transformation. Lie group theory has been shown ta general way of determining
these symmetries[15, 3, 16, 12] and has been used to findtarsdijutions to many partial dif-
ferential equations, and in particular, hydrodynamicteglaequations[5, 2]. However, in general
the discretized equations do not preserve these symmeBgiesxtending Lie groups to the dis-
crete system[8, 9, 6, 10, 11] we will develop guiding pritegpfor SYNChronised numerical
methods where the SYmmetries of the partial differentialagipns are Numerically Captured.
By using this framework we will show, through the concept afmerical symmetry breaking,
why some numerical techniques are more suitable than ditveasgiven application©British
Crown Copyright MOD/2013

1. Fundamentals

Lie group theory is the marriage between co-ordinate gegnagid group theory. Transforma-
tions form a group and are continuous based upon the variafia group parameter. Lie group
theory is based upon transformations of both the indepdratehdependent variables. For
independent variable&a, ..., Xm) andn dependent variable@i, ..., un) these define an+n
dimensional phase space in which all points are treateddepéndent. They are transformed
in a continuous manner based on the group paramegerd the arbitrarily definegointwise
functions thus,

Kie = Fc (X1, ..o, Xm, Uz, ..., Uy A) , G = Fj (X1, ..., Xm, UL, ..., Un; A) (1.2)

for1 <k <mandm+1< j <n+mandwhere the tilde represents the transformed variabte. It
assumed that all of the functions are continuous and comtisly differentiableC®) in all of the
variables and. Note, there is an identify value= A, that leaves the co-ordinates unchanged.
Whence,

Xk = B (X1, ..., Xm, U1, ..., Un; Ag) , Uj = Fj (Xg,...,Xm,U1,...,Un;Ao) . 1.2)
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If we consider an infinitesimal transformations fragh— Ao + AA then they can be written as,
)?k - Xk+£k(xla"' ,Uj_,)A}\-i-O(A}\Z) ) l’]J = Uj +nk(xla"' aula)A}\+O(A}\2) ’ (13)

wherey andn; are respectively thafinitesimal generatorfor the k-th independent angkth
dependent variables. The generator for the group can nowitieny

X = 51 0 + +Em 0 “‘103
The computational scientist WI|| be familiar with the usaminsformations mapping from phys-
ical to computational space[17]. However, for these tydasamsformations they are geometric
in nature. Furthermore, they assume that both the timed dependent variablés, ..., u,)
remain unchanged after the transformation. When comparéttransformations Eq.(1.1) they
represent a subset of the Lie group transformations. Fayeheral partial differential equation,

+--+Nn (1.4)

oy

LL R a
X ™ AaX0X,

the transformed PDE is related to the original PDE by thesfiaimation thus,
G (K, Gi, i, Gi s+ 3 N) = G (%, Ui, Uim, Uinny -+~ 5 Ao) + DA (XG) + O(BA?) (1.6)

wherelg is the identify value that leaves the PDE unchanged, the sidnbol represents the
transformed PDE and the generafrhas been prolonged[15] to include transformations of
the partial derivatives found withi(---) = O; see next section. For invariance of the PDE
XG(-++)=H(---)G(---) for the arbitrary functior#{(- - - ) providedG(---) = 0. Whence,

G (X, Ui, Ui m, Ui mn, - -+ ) = 0, whereuj m = (1.5)

G(Xk, Gi ) Gi,ﬁ’l; Gi,ﬁnv e !)\) = G(Xka Ui, Ui,m7 Ui,mm e !)\0) . (17)

2. Extension to Numerical Methods
For a given numerical method (NM) expressed as,

GNM(Xi tn T h|n+ahn I lvu ul+17u|n+la ) :Oa (21)
it can be written after the Lie group transformation as,
Gam (- 5A) = Gam (- ;ho) + (XumGnm )N 4+ O(AN?) | (2.2)

whereXyw is the group operator which has been prolonged to includeansformations of the
numerical method. This operator must now include termsréatesent the discrete dependent
variables and independent quantities (mesh positions) niegpect to\. For example, Figure 1
illustrates one way that the point,t", u") can vary after a transformation. The group operator
Xnm Will leave the PDE invariant and for numerical invariance,

XNMGNM () = Hm (- )Cam (- - ) (2.3)
for the arbitrary discrete functiabiym (', t", T, b’ h" ,u™ 1,u{‘,ul+l,u”+1 -)sinceGnm(--+) =
0. Whence,

Gam (- sA) =Gam (-5 No) - (2.4)
When this is satisfied the numerical method will be SYNChsediwith the PDEs. Alternatively,

a numerical method satisfying this will be known as a SYNGesel; SYmmetries of the partial
differential equations are Numerically Captured.
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FIGURE 1. Relationship between discrete Lie co-ordinate points.

3. Invariant Truncation Error
Using Taylor’s theorem a numerical method can be shown togbalgo a modified equation
(ME) in which the original homogeneous PDE now equals a tation error (TE) source term
thus,
Gue(-+) =G(-+) =TE(-+-) . (3.1)

By applying the prolonged group operator to the modified &qoat will be invariant, like the
PDE, when the truncation error is also invariant thus,
3(TE)

O\
This is the condition for a SYNChronised numerical method.

XamGME = =0. (3.2)

4. Numerical Symmetry Breaking
The equations of hydrodynamics can be written in conseydaiw form as,

ou 0f(u)
ot * 0x
where the dependent variahleepresents some conserved quantity, such as mass. Thisoequa
can be written numerically in explicit Eulerian conserwatlaw form using a fixed mesh (please
refer to the books by Hirsch[1] for general descriptionsypfets of numerical methods) as,

Gm (i ho) = UM —ul+ B ( F(Ul Ul h T —

F(ui”flfp, .. .,u{‘flm;h,rn)) =0,

=0, (4.1)

(4.2)
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whereh s the grid spacing (assumed fixed and unifortithe time-step, anB( -) are the nu-
merical flux functions. For simplicity we shall use the nmmﬂ:H/2 =F(u" preees I+q,h ™).

The integerg andq define the size of the mesh stenpil- q+ 1 for the flux functions. The
condition that this will be a SYNC schemeigym Gnm = Hum Gnm- That is,

syttt s (1 st " 6h) ( oFf,, OF"

oy (flot T on n v |+1/2 i71/2 _
s o \nen o) Pz AL 1/2)+ ( ) A ) PG s (4:9)

We consider this framework for the non-linear viscous Besgequation,

ou U au vazu

ot ax o’
wherev is a parameter representing viscosity. The group strudturihis equation is given by
Hydon, and consists of five groups representing scale iwee, projective invariance, Galilean
invariance, temporal and spatial translation. Withous losgenerality we shall consider a three
point stencil p = 0 andg = 1) and by prolonging the five group operators yields,

(4.4)

1 n_o0 n n n_od n o) n a n+1_0
Xam =X T +2t W -4 Ou” +h +2 ar —Ui- lou™, — U ou, Y aurt

2 ad ny2 o i) d 1 i)
Xim =Xt 55 + (") W+(x{‘fui"t“)a—w+ht“%+(t“+t“+ S5+

3 _n_d a a a n i)

Xw =50 +aq T o T, LTS (Wl g (4.5)
4 _ 0

XNm = 3
5 d

XNM = 3¢

whereS' is a shift operator. We do not provide the whole structureti§y; due to its complexity.
From Xy,Gnm andXgy, G it is immediately obvious thatfu = 0 and thatGyw cannot be

a function ofx andt". For X},,Gnw it can be shown (using the method of characteristics) that
the flux can be written in terms of discrete invariants,

‘]4 - g (J17J27J3) b} (46)
whereg is an arbitrary flux function with the discrete invariantsegi by,

un 1 h2
h= l'J* b= ,B=uth, B=1"F", ;. (4.7)

In practice the values of the discrete invariants will berieted to satisfy numerical stability
and monotonicity. It can be shown that the invariant flux tiorcEq.(4.6) does not satisfy the
Galilean and Projective groups. Therefore, a numericamehof the type defined by Eq.(4.2)
will break the symmetry inherent in the PDE. The lack of in&ace lies in the introduction
of gradients within some of the prolonged group operatohe Galilean operator includes the
gradient term1 — t"S" (ux)] and represents the relative motion betweenfiked and moving
frames and is illustrated in Figure 2. At t" both frames are coincident, but after a short period
1" the Galilean frame has moved relative to the fixed frame. Withe fixed framed! = X'
and within the moving frama'™= xI”Jrl but the relative positions between the different frames
changes. The value uf”’l moves along a trajectory relative to the fixed frame and ilsevaan

be thought of as being interpolated from the values withanftked frame.

Mathematicsin Defence 2013



CONCLUSIONS 5
AN

=~ n+l _tn_ n
) Xl_n+1 ,’Z_{Hl ., t =T

X —h X Xh
FIGURE 2. Relationship between fixed (black) and moving frames)(red

This is the source of the gradient term. Note, this type ofyaigcan be applied to the projective
operator.

A numerical scheme based upon a fixed stencil can breakeegtaimetries. A scheme that is
SYNChronised with all of the PDEs symmetries is one whererthsh moves to itsaturalposi-
tions. In this paper we will not consider how this can be done t space limitations. However,
the reader should consider numerical methods based orttisovariants[19, 10, 11] and those
based on Moving Frames[18, 8].

5. Conclusions

Using Lie group theory we have presented a concise matheamhdgfinition for the invariance
of partial differential equations under a given transfatiora In this paper this framework was
extended to its representative numerical method and it Wwawrs that it can remain invariant
only if its truncation error remains invariant. Numericehemes of this type are SYNChronised
with their respective PDEs symmetries. In this paper we Is&aosvn how numerical invariance
errors are due to numerical symmetry breaking. A schemeigl&YNChronised is one where
the mesh moves to itzatural positions.
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