Bayesian vs frequentist techniques for the analysis of
binary outcome data
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Abstract

We compare Bayesian and frequentist techniques for analysing binary outcome data. Such data are commonly
found in defence applications, where the outcome can be encoded as one of two discrete values. Examples
include detection (detected / not detected), armour or ammunition testing (penetrates / does not penetrate)
and component testing (pass / fail). We apply both frequentist and Bayesian techniques to component testing
data, where an impulse with specific energy is applied and a single pass/fail outcome is observed. The frequentist
method allows us to estimate the probability of failure as a function of energy, as well as estimate confidence
intervals. The Bayesian method similarly allows us to estimate the probability of failure and calculate confidence
(credible) intervals, generating results that are comparable to the frequentist analysis. However, with both
analyses we find ourselves considering probabilistic questions about the probability of failure. This layering
of probabilities can make the results difficult to interpret and careless choice of significance level relative to
the probability of failure can lead to conclusions that are statistically valid yet highly questionable. Only the
Bayesian approach provides a method for combining these probabilities, through calculation of the predictive
probability of failure: the probability that the next component will fail for a particular energy. This technique
provides a more intuitive interpretation of the results and applying it to our component testing data we identify
a weakness in the underlying statistical model that had not previously been spotted.

1. Introduction

Binary outcomes occur in many defence applications; usually when a system or component is being tested
and a simple pass/fail result is recorded. Examples include detection (detected / not detected), armour or
ammunition testing (penetrates / does not penetrate) and component testing (pass / fail). In many instances,
we are interested in the probability of each outcome as some parameter is varied; the speed of the bullet
in armour testing for instance, and would like to make inferences about the probability of pass/fail as that
parameter is varied. This problem can be approached using either frequentist or Bayesian methods and in this
paper we describe and compare the two. We show how to make inferences in each case and show that the
Bayesian technique has a particularly useful device: the predictive probability of pass/fail, which provides a
more intuitive interpretation of the results and highlights a potential weakness in our model that we were not
previously aware of.

The remainder of this paper is structured as follows: in the next subsections we introduce data and a model
which we shall use for the subsequent analysis. Sections 2 and 3 then demonstrate the use of confidence
bands and intervals for estimation. Confidence bands are treated first as it turns out they are slightly easier
mathematically. We discuss the results in section 4, which leads us to consider the predictive probability of
failure in section 5. Final conclusions are given in section 6.

1.1. Data and model

To aid the discussion, we shall use as an example a data set from two component testing trials at AWE. An
impulse with specific energy, E (in arbitrary units), is applied to a component and a single pass/fail outcome
is observed. This was carried out for two types of components, A and B, during two separate trials and in
each case we wish to infer the probability of failure as a function of energy. We shall model the underlying
distribution using the cumulative lognormal,

(1.1)

log E —
Prob(Failure|E, u,0) = ® <ogu>

o
where @ is the cdf for the standard normal distribution and g and o are unknown parameters.

Throughout the paper we will denote the true probability of failure as a function of energy as 6(F; u,0),
though sometimes we will drop the explicit p and o dependence: 0(E). We use this notation rather than
Prob(Failure|E, i, 0) as the latter can lead to confusion owing to the many ‘probabilities’ that arise in this
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FIGURE 1. Pseudocolour plot of the likelihood function for component A (left) and component B (right). Red denotes
high values and blue low values — the colour scales are normalised for each plot since the likelihood is a function of the
number of data points which is different for the two trials, so the likelihoods are not directly comparable.

problem. Moreover, we emphasise that the quantity of interest is the probability of failure, (E), not p and o
directly. This is important as, for any given E, there are infinitely many combinations of 1 and o that will give
rise to the same 6(E), namely those satisfying log(E) — u = const x o, and this will have consequences for the
analysis.

The approach is therefore one of inferring properties of the probability of failure, §(F), via the parameters
1 and o. Our focus will be on calculating confidence intervals} for the probability of failure as a function of
energy. Generally speaking, these will be quantities L(E) and U(FE) which, in a sense determined by whatever
statistical principle we use, contain the true value with some probability. This can be done pointwise, or as
confidence bands: the pointwise confidence interval [L,(Ey), Up(Eo)] for a specific energy, Ey, expects the true
probability of failure at that energy, 8(Ep), to be within the interval with a certain probability. The confidence
band, [Ly(E),Uy(E)], requires that the true curve for the probability of failure, §(F), is within the interval
for all values of E. For a precise distinction we need to specify whether we are using frequentist or Bayesian
statistics, which we shall defer to the relevant sections.

1.2. Likelihood function

Both frequentist and Bayesian methods require a likelihood function, which is derived from the model, Eq (1.1).
We consider each data point as the pair (E;, X;), where E; is the energy of the ith test and X is 1 if the device
failed and 0 if it did not. Hence, the likelihood is

Prob(X|p, o) = | [ Prob(X;|E;, u, 0) (1.2)

where we write X to denote all the data. From Eq (1.1),

@ (loslimr) Xi=1
Prob(X;|E;, p, o) = 7 (1.3)
1-o(lefor)  x; =0

= X;® (ng—M> +(1-X)) {1 ) (k”gE_“ﬂ . (1.4)

g g

The likelihood as a function of i and o is plotted for both components in figure 1.

We shall denote maximum likelihood estimates with a hat, i.e. i and 6. The maximum likelihood values for
the model parameters obtained by the fit are i = —0.214 and 6 = 0.383 for component A and 4 = 1.13 and
6 = 0.355 for component B. Hence, on the face of the maximum likelihood estimate, it seems that component A
fails at lower energies and has a slightly wider intermediate range, where the probability of failure is traversing
between 0 and 1. This is illustrated in figure 2, which shows the data for each trial with their maximum
likelihood fits, 0(E; i, 6).

1 Bayesian confidence intervals are sometimes called ‘credible’ intervals, though we shall not use this terminology.
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FIGURE 2. A plot of the maximum likelihood fits, 8(E; fi, &) for components A (blue) and B (red). The original data
is also shown as rug plots: the points on the top of the plot correspond to failures (X; = 1); the points on the bottom
correspond to non-failure (X; = 0).

2. Confidence bands
Generally speaking, a confidence band [Ly(E), Up(E)] satisfies

Prob{Lb(E) < 0(E) < Uy(E), VE} =1-a (2.1)

In other words, with probability 1 — « the true curve, §(E), falls inside the interval [Ly(E), Uy(E)] for all E.
The difference between the frequentist and Bayesian approach to this problem is in what we consider to be
the random variable in Eq (2.1). The frequentist regards 6(F) to be an unknown yet fixed quantity, in which
case [Lp(E), Up(E)] needs to be a random interval constructed from the random variables (actually, functions)
Ly(E) and Uy(F) that depend on the data, X. These must have probability (1 — «) of containing the true
O(F; u,0) for all E, whatever the true values u and o. Conversely, the Bayesian assigns the unknown 6(F) a
probability distribution (the posterior probability) as though it were a random variable. The Bayesian then
needs to find curves [,(E) and u,(E) such that §(E) has probability (1 — «) of being between the two.

Hence, the frequentist confidence band is the random variable [Ly(E), Uy(F)] and the Bayesian confidence
band is the interval [I;(E), up(E)]. To highlight the difference, we have adopted the convention in statistics to
write random variables in upper case and values in lower case.

2.1. Frequentist confidence bands

To approach this problem, suppose we have conducted a hypothesis test and derived a critical region of size
a in (u,0) space, which we denote S,. There are many interesting connections between the spaces (u, o)
and (E,0(E; u,0)) which are beyond the scope of this paper, but it is straightforward to show that there is
a one-to-one correspondence between convex regions of (i, o) space and bands in (E,6) space, i.e. for any
convex region, C, there is a band [L.(E),U.(F)] such that (E, p,0) € [L(E),U.(F)] for all E if and only if
(1,0) € C. Hence, if we take the convex hull of S, which we denote C,, then C,, will contain the true (u,o)
with probability at least 1 — o and the corresponding band [L.(E), U.(E)] will contain the true 6(FE) curve
with probability > 1 — «. The fact that this is an inequality comes from the fact that even if the true (u, o)
is rejected by the hypothesis test, and so falls outside of S, it is still possible for it to fall inside the convex
hull C,. In order to gain equality, we would need the critical region to be always convex. This might be true,
though proving it is left for future work.

Since confidence bands can be constructed from a critical region in (u, o) space, all we need is a method for
generating a critical region. This can be done approximately by means of the likelihood ratio test: we use the
test statistic
L(p, 035 X)
L(f1, 63 X)
which is asymptotically chi-square distributed with two degrees of freedom (Mood 1963). This allows us to

D = —2log (2.2)

IMA Conference on Mathematics in Defence 2015



Bayesian vs frequentist techniques for the analysis of binary outcome data 4

define a critical region by rejecting those (u, o) for which the test statistic is larger than the 1 — o quantile of
X3. The confidence band is then formed by calculating

Ly(E)= inf 6(E;u,o0) (2.3)
n,0€Cq

Up(E) = sup 6(E;u,0) (2.4)
p,0eCqy

for all E.

2.2. Bayesian confidence bands

For a Bayesian analysis, we need to calculate the posterior probability density for the curve 8(E; u, o) given
the data. However, we shall find it more convenient to consider instead the joint posterior density over p and
o:

p(p, o] X) o< Prob(X|p, o)p(p, o) (2.5)

where p(u, o) is the prior on u and o. The proportionality factor is simply a constant chosen so that p(u, o|X)
is a normalised probability density, i.e. the integral of p(u, o]|X) over all p and o is equal to one.
For the priors, we shall assume independent Jeffrey’s priors (Jaynes 2003):

p(p, o) = p(u)p(o) (2.6)
p(p) o<1, p € [uo, p]
p(o) x %, o € [og,01]. (2.8)

The limits pg, p1, 09 and oy are introduced as a technicality to enable numerical integration of the posterior;
usually we can make the theoretical limits infinite, and though these lead to improper priors, they have no effect
on the results}. We have chosen values considered reasonable for this problem: uy = —1, u1 = 3, o9 = 0.006
and o1 = 3, though the precise values do not matter providing they define a sufficiently large region of (u, o)
relative to the location of the mass of the likelihood. Calculations are carried out numerically on a grid of
and o values and the normalisation in Eq (2.5) is carried out by a basic numerical integration.

A Bayesian (1 — «) confidence band is a pair of curves, I,(E) and up(F), such that the true curve 8(FE) lies
between the two for all F with probability 1 — «. We take advantage again of the correspondence between
bands and convex regions in (u, o) space: for any convex region, C, there is a band [[(E),u(E)] such that
O(E,p,0) € [I[(E),u(E)] for all E if and only if (u,0) € C. Hence,

Prob{0(E, u,0) € [I[(E),u(E)],VE|X} = Prob{(y,0) € C| X} (2.9)

= / p(p, 0| X) du do (2.10)
C

and a convex region, C,, defines a Bayesian (1 — «) confidence band if this probability is equal to 1 — a, i.e.

/ p(p,o|X) du do=1— a. (2.11)
Cao

This relation does not uniquely determine C,, so we shall add an additional constraint: that the posterior
probability of all points inside C,, are larger than all points outside. This allows for a straightforward deter-
mination of C, numerically from the calculated posterior distribution p(u,c|X) by sorting points by value
and accumulating them until the sum equals 1 — . As before, we don’t know whether this will generally lead
to a convex region, though for our data it does and we associate it with C,, and calculate the corresponding
confidence intervals as before, using Eqs (2.3) and (2.4).

2.3. Results

The resulting confidence bands are shown in figures 3 and 4 for o = 0.05. The frequentist and Bayesian curves,
whilst being calculated using very different methods, generate almost indistinguishable results.

1 This is not strictly true for the upper limit on ¢ since the likelihood does not go to zero as ¢ — co. This means that
the limit will begin to have a noticeable impact as o1 becomes very large (many orders of magnitude). However, since
we can reasonably expect o not to be anywhere near that big, we can set o1 to a reasonable value where the precise
choice does not matter.
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FIGURE 3. Plot of the 0.95 confidence bands for components A (blue) and B (red). Frequentist confidence bands are shown
with dashed lines and Bayesian confidence bands with dotted lines. In this case, the curves are almost indistinguishable.
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FIGURE 4. Plot of the 0.95 confidence bands for components A (blue) and B (red) on a logarithmic y scale. Frequentist
confidence bands are shown with dashed lines and Bayesian confidence bands with dotted lines. In this case, the curves

are almost indistinguishable.

3. Confidence intervals
We wish to find the pointwise confidence interval at specific energy Fy,

Prob{Lp(Eo) < 0(E,) < Up(EO)} —1-a (3.1)

Being more precise, as before, the frequentist wishes to find random variables L,(Ey) and U,(Ep) such that
the interval [L,(Eyp), Up(Ep)] contains the true value, 8(Ey) with probability 1 — o whatever the true value of
0(Eop). The Bayesian regards the posterior distribution on 6(Ey) and wishes to find the interval [I,(Ey), up(Ep)]
such that 6(Ep) has probability of 1 — «a of being within this interval.

3.1. Frequentist confidence intervals

Our approach will be to use the generalised likelihood ratio test (Mood 1963): say we have a two-dimensional
parameter that we wish to make inferences on, ¢ = (¢1, ¢2), but only wish to test the hypothesis that ¢; = a
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without specifying ¢o, then we can do this by comparing the test statistic,

L(a7 ¢27 X)
SUp——=—~= ___
¢ L(d1, P25 X)

to the chi-square distribution with one degree of freedom. In our case, we wish to test the hypothesis that
0(Ey) takes some value, 6y, regardless of p and o. Of course, given u and o, 8(Ep) is fully determined, so we

need to re-parameterise in terms of §(Ep) and one of the other parameters. The correct parameterisation in
this case is (6(Ep), o), since for any combination of these we can uniquely determine u:

w8, o) =log By — ®1(6)o. (3.3)

A= —2log (3.2)

Note that the parameterisation in terms of (8(Eyp), pt) does not work as o is undetermined as a function of these
parameters when §(Ey) = 0.5.
We can therefore test the hypothesis that 6(Fy) = 6y by comparing the statistic

L(p(00,0),0; X)
L(ji.5: X)

A(6y) = —2log |sup (3.4)

to the (1 — ) quantile of the chi-square distribution with one degree of freedom. The critical region for 6(Ey)
is then precisely our confidence interval.

3.2. Bayesian confidence intervals

For a given energy, Ey, we wish to find the (1 — &) confidence interval [I,,(Ep), u,(Ep)] such that the posterior
probability that 6(Ey) € [[,(Eo), up(Eop)] is equal to 1 — a. More specifically, we shall seek the symmetric
confidence interval,

Prob {0 < ,|X} = % (3.5)
Prob {6 > u,| X} = % (3.6)
Now, the probability that 6 <[, is trivially equal to the probability that
log Ey — 1
) <a) <. (3.7)

In other words, for a given FEj, it is the probability that u and o take values that satisfy this relationship. Since
® is monotonic increasing, we can rewrite this relationship as

log By —
% <371(1,) (3.8)

log By < pu+oa® (1) (3.9)

We therefore see that the probability of 6 < I, is equal to the probability that p + c®~1(l,) > log Ey. This is
simply the integral of p(u, o|X) over that region,

Prob (0(Eo; pu,0) < 1,|X) = / du/ do H (n+0® " (l,) —log Ey) p(p,o|X) (3.10)
—0o0 0

where H(z) =0 for x < 0 and H(x) = 1 for x > 0. We then find [,(Ey) such that this integral is equal to /2,
which is straightforward to do numerically. An almost identical argument holds for w,(Ej).

3.3. Results

Pointwise confidence intervals for a« = 0.05 are shown in figure 5 and 6. There is more difference between
the Bayesian and frequentist confidence intervals than we observed for the confidence bands, though they are
nonetheless still quite similar.

4. Discussion

In the previous sections we have demonstrated how to calculate frequentist and Bayesian confidence bands and

intervals. Despite the fundamentally different philosophical foundations and methods of calculation, the results

have come out quite similar. This is perhaps not as surprising as it may seem for two important reasons:
First, the Bayesian analysis assumed non-informative priors, which are well known to bring Bayesian re-
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FIGURE 5. Plot of the 0.95 pointwise confidence intervals for components A (blue) and B (red). Frequentist confidence
intervals are shown with dashed lines and Bayesian confidence intervals with dotted lines.
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FIGURE 6. Plot of the 0.95 pointwise confidence intervals for components A (blue) and B (red) on a logarithmic y
scale. Frequentist confidence intervals are shown with dashed lines and Bayesian confidence intervals with dotted lines.

sults more in line with the corresponding frequentist ones (Jaynes 2003). Bayesian confidence intervals using
informative priors may differ significantly from their frequentist counterparts.

Second, in many respects the Bayesian analysis is the Bayesian version of an essentially frequentist procedure:
we have some parameter that we are trying to estimate from data and express uncertainty in our estimate
through the use of confidence intervals. The parameter we are estimating in this case is the probability of
failure as a function of E, and we express this parametrically through a model (Eq (1.1)) with parameters y
and 0. We can then analyse the uncertainty in the probability of failure, generating confidence intervals as
we have already shown. However, there are disadvantages to this, such as having to choose a value for a. For
instance, we have generated confidence intervals for « = 0.05, which will contain the true value with probability
0.95 (in some sense). This may be reasonable if we are interested in regions of energy where the probability
of failure is commensurate with «, i.e. around 0.05. However, in many safety-critical applications we require
much lower probabilities and it is not immediately clear what confidence level we should choose for estimating
the probability of failure when it is very small (e.g. ~ 107°). For instance, we might decide on a confidence
level of 1 — « = 0.99, but there is a contradiction if we are saying that we need a probability of failure to be
as small as 1075, yet we are happy to be wrong in this estimate with probability 1072. One might therefore
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take a more extreme o of 1075, but this will result in extremely wide confidence intervals. The problem is that
confidence intervals handle uncertainty by needing to be ‘correct’ with a certain probability; they do not take
into account how wrong our estimate might be when it does go wrong.

The Bayesian method offers a route out of this problem with the predictive probability of failure: combining
all the probabilities we have into a final probability of failure, which is our subjective probability, given our data
and model, that the next component will fail if subjected to energy E. We do this by means of a ‘predictive’
calculation (Aitchison 1975): we incorporate all the uncertainty in our model (plus assumptions) to provide an
overall probability statement predicting the outcome of the next experiment. It is a purely Bayesian concept,
with no frequentist analoguef.

5. Predictive probability of failure

The parameter 6(FE) represents the probability of failure when an impulse of energy F is applied to the
component. This is a physical property of the component and if we could test a very large number of them it
would represent the fraction that failed under an impulse energy, E. In principle, it could also be calculated
from fundamental physics. However, in reality we do not know the value for # and all we have is data that,
along with a model, allows us to quantify our lack of knowledge. Using the Bayesian framework, our data allows
us to determine a (posterior) probability distribution over 8, which we denote p(6|E, X), and this is a measure
of our belief for 0 taking specific values at some energy E. For instance p( = 0.1|F = 1, X) is a measure of our
belief that 0 takes the value 0.1 when E = 1. By gathering more data, we can make the distribution p(8|E, X)
tighter, which amounts to narrowing down the range of # that we believe is true. However, we will always have
some residual uncertainty over its actual value.

We now wish to ask: given everything we know so far, what is the probability that the next component will
fail given an impulse of energy E7 The answer is subjective and depends on all our knowledge up to this point.
We call this the ‘predictive probability’, Prob(Failure|E, X), and it reflects our belief at the time of carrying
out the experiment that the next component will fail at energy E. It is not the outcome of a long-run series
of experiments, and cannot be derived from fundamental physics. To calculate the predictive probability, we
reason in the following way: suppose that there are only a small set of values that 6 could take, i.e. 01, 0,
...0n. The probability that the next component will fail is equal to: the probability that 6, is the true value,
p(01|E, X), multiplied by the probability of failure in this case, 61; plus the probability that 65 is the true
value, p(f2|E, X), multiplied by the probability of failure in this case, 2; etc. In other words, it is the ‘average’
probability that the components will fail. Extending this argument to a continuum of values for 8, we have

1
Prob(Failure|E, X) :/ 0 p(0|E, X)do (5.1)
0

which is the mean of the posterior density p(0|E, X).
Another way we could write Eq (5.1) is to note that § = Prob(Failure|F, ), in which case

1
Prob(Failure|E, X) = / df Prob(Failure|E, 6) p(0|E, X). (5.2)
0

This is simply the decomposition of a probability in terms of #, which we can do regardless of what 6§ means.
Hence, instead of decomposing the probability in terms of 6, we can also do it in terms of p and 6, in which
case we have

Prob(Failure\E7X):/ da/ dp Prob(Failure|E, u, o)p(p, o X) (5.3)
0 [eS)

:/OOO do /:Z dp @ <1OgE0_“> p(p, o|X). (5.4)

The right hand side of Eq (5.4) is then straightforward to compute numerically.

We show the results for Prob(failure|E, X) in figure 7, with low energies shown in figure 8. The predictive
probabilities are plotted as well as frequentist confidence intervals with o = 107%, which we might have used
for estimating probabilities at the 107 level. It is clear from the plot that the predictive probability provides a
much less pessimistic result than the confidence interval since it explicitly takes into account all of the possible
values for 0(E).

The results for the predictive probability also highlight an interesting feature of this model, which was not
apparent in previous results. The predictive probability of failure for component A falls below that of component

1 Frequentist prediction intervals do exist, but they cannot be applied to binary outcome data.
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FIGURE 7. Predictive probability of failure for components A (blue) and B (red). The solid curves show the predictive
probability of failure. The dashed curves show the confidence interval using o = 107,
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FIGURE 8. Predictive probability of failure for components A (blue) and B (red) on a logarithmic y scale. The solid
curves show the predictive probability of failure. The dashed curves show the confidence interval using o = 107°.

B for energies below around E = 0.2. This means that, below about E = 0.2 we expect component B to be
more likely to fail than component A, but this is in contradiction with the fact that all of the component B
failures occurred at higher energies than those for component A. i.e. taking the data at face value, we would
expect to require a higher energy impulse to make component B fail, yet the predictive probability suggests
that at low energies component B is more likely to fail than component A.

Mathematically, the higher predictive probability of failure for component B is caused by the relatively wide
range of o that are compatible with the data, combined with a likelihood function that is symmetric about
log F = u: large o causes the curve to decay slowly for both small and large energies, so if there is a wide range
of relatively large o that is supported by the data this will generate a predictive probability that also decays
slowly. Hence, our predictive probability is being heavily influenced by our choice of a symmetric likelihood
function so any conclusions we draw from the analysis should take into account how much we trust our model.
This is an important observation, particularly since we are looking at a regime of energy outside most of the

trials data, so our results will be heavily influenced by our choice of model.
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6. Conclusions

We have demonstrated the use of frequentist and Bayesian methods for calculating various confidence intervals
for the probability of failure of two different components. Further work could be carried out to formally
compare the results for the two types of component, for instance by carrying out hypothesis testing that they
have different model parameters. Again, there are frequentist and Bayesian versions for all of these analysis.

The frequentist and Bayesian confidence bands/intervals we calculated were all largely similar, though this
is not necessarily a surprise as we have used non-informative priors for the Bayesian analysis. However, it
is important to stress that the calculations are based on fundamentally different philosophies that are not
equivalent. This is seen most noticeably when we ask the question ‘how good are our inferences’? Frequentist
results are designed to provide particular errors at a pre-specified rate, which can be verified by repeated
experiment. For instance, we can assess the accuracy of the frequentist confidence intervals by repeatedly
sampling (i.e. simulating) data from a known 6(F) and measuring the frequency with which the confidence
intervals contain the true probability of failure. If the frequentist calculation is working well then this should be
close to 1 — . Whilst such a procedure could be carried out for the Bayesian analysis, there is no fundamental
reason why we should expect errors to occur at any particular rate except if, during our simulations, we also
sample §(F) from our prior distribution. Moreover, it slightly misses the point of the Bayesian analysis, which
is to provide a logically consistent approach to dealing with uncertainty: to check that our Bayesian analysis
is correct, we should merely have to check our logic (Jaynes 2003).

In practice, however, robustness is usually just as important for the statistician as accuracy. The statistician
knows that whatever model they have chosen is probably ‘wrong’, so they want to have confidence that the
techniques they use will generate reasonable answers despite the inadequacies in the model. This problem
becomes even more acute when attempting to use the model to extrapolate beyond the bulk of the available
data, as we attempted in the last section, and judicious analysis of the sensitivity of results to the model’s
assumptions is necessary in order to make conclusions from any analysis.
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