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1. Historical background 
"Ttir: inferior term cntcrs as it were into a mist. is hidden 
for a little from view. and comes out with its coefficient 
changed". wrote the distinguished mathematical physi- 
cist Sir George Gabriel Stokes in a 1902 survey paper' at 
the end of his long and productive career. In such 
beautiful and poetic. but highly imprecise, language he 
sought to explain the phenomenon, observed by him for 
the Airy equation' in 18.57 and for the Bessel equation' 
in 1868. of a change in the multiplier of one of the two 
linearly independent asymptotic solutions as a certain 
ray. which we now know as the Stokes line, in the 
complex plane is crossed. Perhaps as a boy growing up in 
his father's rectory at Skreen in County Sligo in the West 
of Ireland he had watched the mists skim the surface of 
flat-topped Benbulben across the bay. an area that was 
later to produce the poet. W. B. Yeats. Did this lead to 
an outbreak of poetry from this very private and 
reserved Victorian scientist'? Whatever the reason, he 
left us with a deep and fascinating problem from which 
the mists have only properly cleared in the last five 
years. thanks to intense interest by physicists and 
mathematical analysts in the computation of exponen- 
tially small terms in asymptotic expansions. 

This article seeks to resolve the paradox of why such 
apparently negligible terms can be of physical and 
computational importance in a variety of applications 
and reviews the theories. of varying degrees of rigour. 
which have been advanced in its support. The task of 
operating with divergent series. of which asymptotic 
series are a subset. has always been a delicate one. In his 
introduction to Hardy's bookJ on divergent series. 
Littlewood speaks of "the aroma of paradox and 
audacity which hangs about the subject." The credit for 
reviving interest in the Stokes phenomenon must go the 
the physicist M. V. ~ e r r y . ~  who. in 1988, used Borel 
summation to resum the tail of the divergent asymptotic 
series, leading to the theories of .sirperrr.svmproric.s and 
hvpern.svnrprotic.s of Berry and Howls." This in turn 
generated more rigorous work by mathematical analy- 
sts. including the e.rponenrial1v-improved nsvmproric 
expansion of Olver7 and others. At the same time, a 
theory of n.svmptoric.s hevond all orders was being 
developed by the American applied mathematicians 
Kruskal and Segur.' 

The definition of an asymptotic expansion had been 
put on a rigorous footing by ~oincari.' in 1886. who 
defined the asymptotic power series expansion of a 
functionf (z)  valid in some sector Sof the complex plane 
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In other words, the remainder in truncating the series at 
the (n  + 1)th term is of order of the first term omitted. 
This definition was extended to more general exprcs- 
sions involving an asymptotic scale dr(:) by setting 

The singular value need not always be at infinity. and 
expansions of the type 

frequently arise in perturbation theory. While the 
Poincari. definition has proved to be of enormous value 
in constituting a rigorous calculus for the manipulation 
of asymptotic expansions. it is not sufficiently refined to 
deal with problems which require a transcendental 
degree of precision. In the above perturbation-type 
expansion every term is algebraic in E and transcenden- 
tally small terms like exp ( -  11~').  for example. are not 
captured under the PoincarC definition. Such terms are 
therefore said to be nsvmproric hevond all orders in E. 

In the past it has been argued that in applications i t  
must surely he safe to neglect such tiny correction terms. 
but it has been found recently. in a number of areas of 
physics. that this need not always be so. This arose 
initially in quantum mechanics in the paper of Pok- 
rovskii and Khalatnikov on scattering from a potential 
barrier. in the independent work on adiabatic invariance 
of Meyer and Wasow. in extensive work on resonances 
by Simon. Harrell, Herbst and others. and recently in 
quantum chemistry with Connor and Rrandas. The 
paper by Bender and Wu on the anharmonic oscillator 
should also be included in this group. More recently 
there has been extensive interest in the growth of 
dendritic crystals (Segur Rr Kruskal. McLeod Kr Amick. 
Levine) and in viscous fingering (Tanveer). Other 
physical applications include KAM theory for a rapidly 
forced pendulum (Scheurle. Marsden. Holmes) and 
solitary water waves (Beale. Shen Kr Sun. Byatt-Smith). 
The present authors were led to this field by working on 
a problem of energy leakage from a weakly-guiding 
optical fibre. first stated by Kath and Kriegsmann. The 
development of a mathematical theory to handle these 



small exponentials clearly springs from the needs of 
physics and indeed. of industrial application in the 
fabrication of semiconductors and optical fibres. All 
references in this paragraph are to papers appearing 
or listed in the Proceeding of the Workshop on 
"Asymptotics Beyond All Orders", edited by Segur. 
Tanveer and Levine."' 

We now provide. by way of example. three cases 
where a transcendentally small term. hiding behind 
algebraic terms of all orders in a divergent asymptotic 
series. can have a practical effect. Suppose the function 
&(X. E)  satisfies a differential equation in .r which 
contains a small parameter E. Suppose further that we 
have been able to construct a perturbation expansion 

&(.v. E )  - &,,(x)E" as E +0, for all .r. 
I' 0 

I f  each coefficient function &,,(.v) is symmetric in x about 
the origin. can we assert that the solution itself shares 
this property? Clearly not. since the presence of just one 
asymmetric transcendentally small term. which is ex- 
cluded by the use of the PoincarC definition. is sufficient 
to destroy the symmetry. This mechanism is present in 
several of the physical examples above. 

The second case arises in the theory of resonances and 
in optical tunnelling. where the quantity of physical 
relevance is the imaginary part of a complex eigenvalue 
of a differential equation boundary value problem, 
again involving a small parameter E .  It is known that the 
imaginary part of the eigenvalue is of a smaller order of 
magnitude than the real part. Indeed. in quantum 
mechanics. such resonance poles are an exponentially 
small distance off the negative real axis. In problems of 
this type we can obtain a perturbation expansion for the 
eigenvalue A(€) in powers of E in which all the 
coefficients turn out to be real. How then do we proceed 
to compute the transcendentally small imaginary part of 
the eigenvalue? 

Our third case concerns the use of the asymptotic 
series expansion of a function to compute values of the 
function for small. but moderate. values of the variable. 
This example is a slight modification of one on p. 76 of 
Olver." Consider the function defined by the integral 

"cos (tlE) 
/(E) = nt. 

By means of integration by parts, it is easy to construct a 
series in powers of E' which is asymptotic as E tends to 
zero from above. Suppose we use this series to 
approximate the function at E = 0.1. Retention of the 
first three terms in the expansion yields /(O-1) = 
-0-0005271, whereas direct numerical integration gives 
a value of -0.0004558. This large relative error has 
arisen from neglect of an exponentially small term. This 
may be seen by rewriting the integral as the difference 

where the first term results from routine evaluation 
round a semi-circular contour of the integral taken over 
[O,m) and has the value 0.0000713 when E =0.1. 
lntegration by parts of the second integral yields the 
same asymptotic power series as before, with the same 
value of 0.0005271. Together with the contribution from 

the exponentially small term. this provides the correct 
answer. 

Having convinced the reader that there is a need for 
such precision asymptotics in a wide range of physical 
problems. the rest of this paper is devoted to dispersing 
the "mist" surrounding Stokes lines. thus enabling us to 
identify the correct exponentially small contribution to 
include in our computation in the neighbourhood of 
such lines. We shall take as our model the well-known 
modified Bessel function of the second kind. K,,(:), as z 
tends to infinity. We first treat this in the spirit of Stokes' 
1902 paper. halting at the problem of which expansion to 
choose in an overlapping region of validity about the 
Stokes line arg z = R. We then outline the method used 
by Berryi to resolve this difficulty. before sketching the 
various rigorous treatments developed over the past 
five-year period. 

2. The Stokes phenomenon 
The Stokes phenomenon concerns the abrupt change 

across certain rays in the complex plane. known as 
Stokes lines. exhibited by the coefficients multiplying 
exponentially subdominant terms in compound as- 
ymptotic expansions. The root cause of this phenome- 
non appears to be a consequence of asymptotically 
approximating a given function. possessing a certain 
multivalued structure, in terms of approximants of a 
different multivalued structure. The simplest illustration 
of this for solutions of linear second order ordinary 
differential equations is Airy's equation 

for which the solutionsy(z) are entire functions of z. For 
large JzJ, the asymptotic solutions to leading order are 
given by 

~r,(z) = z-'lJ exp (*$z3"), 

which are multivalued functions with a branch point at 
z = 0. Consequently. any linear combination of these 
approximants CII+(Z) + DIIL(Z), where C and D are 
arbitrary constants. cannot approximate a solution of 
(1) ~tni.formlv as one describes a complete circuit about 
z = 0, sincev(ze2"') = v(z)  but ir,(ze2"') f u.(z). There 
must therefore be a change in the values of the constants 
C and D as arg z is increased by 2 ~ .  

A similar argument applies to the modified Bessel 
equation 

1 ,  

~ ' d ' ~ I d z '  + i dy ld i  - (:-  + V-)V = 0. (2) 

For non-integer v, the linearly independent solutions of 
this equation in ascending powers of z are given by the 
modified Bessel functions of the first kind I,,.(z), where 

which are associated with the indicial exponents + v  at 
the branch point z = O .  The (formal) asymptotic 
solutions for large : and fixed real or complex values of 
the parameter v are given by 
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where A,,(\!) = I and 

cos KV Iq(r + v + j ) r ( r  - v + A) 
- 7  r! ( 5 )  

Again (provided 211 is not an odd intcger). a Stokes 
phenomenon has to occur whenevcr a solution of (2) in 
the form .v(:) = A'/,.(;) + R ' / _  ,.(;), where A' ,  B' are 
arbitrary constants. is expressed in terms of the linear 
combination Ctr , (:) + Drr. (;) for large I;), since y(;) 
and its asymptotic approximants 11 ,(: ) have a different 
multivalucd structure. This qualitative argument that 
the asymptotic approximation must be donrain- 
dependent was first given by Stokes:' for a fuller account. 
sec the review papcr by ~ e y c r . "  Stokes went on to 
reason that thc change in the constants C. D must take 
place where the terms of the associated expansions 
[I,(:) come to be regularly positive: this is equivalent to 
the rays where 11, (: ) assumes maximal dominance over 
U,(:) for large [:l. Thus the values of 8 = arg : across 
which C and D can change are given by 8 = (2n + 1 ) ~  
and 8 = 2nlr (11 = 0, * 1, *2, . . .), respectively. 

To be more specific we now focus our attention on the 
modified Bessel function K,.(:) which is defined to be 
that combination of l , , . ( : )  (corresponding to -A' = 
R '  = :K coscc KV) which yields C = 0, D = 1 in the 
sector -K < 8 < K, that is 

The Stokes lines for K,.(:) are consequently situated at 
8 = f K, f 2a, . . . . In the following discussion we shall 
consider only the Stokes line 8 = ~r across which C must 
change; the treatment of the other rays is similar. In the 
adjacent sector K <  8 < 2 a  the value of C can be 
computed directly from the branch point structure of the 
convergent solutions /,,.(z), or equivalently by use of 
the connection formula 

K,(z) = 2 cos a v  K,(zt-") - K,.(Z~'"'). 

On replacing z in (6) by ze-"' and ze-'=' in turn. we 
obtain the compound asymptotic expansion 

Thus, on crossing 8 = K in the positive sense with 
fixed, the constant C multiplying the subdominant 
asymptotic solution u+(z) changes from zero to the 
value 2i cos av. 

It is worth pointing out that Stokes initially obtained 
the change in the subdominant coefficient by a more 
involved argument which made use of the asymptotic 
behaviour along certain rays of a suitable integral 
representation of the function in question. In addition, 
he supported his theory by a numerical example 
(applied to the Airy function Ai(z)) in which he 
compared the predictions from the different asymptotic 
expansions either side of a Stokes line with the exact 
values. To  detect the "birth" of such exponentially small 
terms in this way necessitates the computation of the 
dominant series to at least a comparable precision. 
Stokes achieved this by employing the by-now familiar 

process of optimal truncation of the dominant asympto- 
tic expansion (that is, truncation just before the least 
term of the expansion) together with an estimate of the 
associated remainder term. thereby anticipating 
Stieltjes" by about 30 years. 

In the literature the above asymptotic expansions for 
K,,(i) are normallv stated in the less stringent sense of 
Poincari. namely 

where throughout 6 denotes an arbitrarily small positive 
constant. These expansions hold uniformly as l:\-+ X 

with respect to 8 = arg ; in their respective sectors of 
validity. When 2v is not an odd integcr. the expansions 
(X) and (9) have the common sector of validity. 
!K + 6 8 G $K - 6, where they differ by the inclu- 
sion of the series [I+(:). The resulting contradiction, 
however, is only apparent. since [I,(;) is uniformlv 
exponentially small for large in this common sector 
and so is asymptotically smaller than any tcrm in the 
dominant series. In the Poincare sense. thcreforc. thc 
additional tcrm in (9) is negligible. 

Since Stokes's discovery of this phenomenon over 130 
years ago. the conventional view has been that of a 
discontinuous change in the constants (called 
mrclripliers) associated with subdominant asymptotic 
expansions. The fact that an analytic function can 
possess such a discontinuous representation in the 
neighbourhood of an irregular singular point has always 
been problematic. This "hide-and-seek" nature of the 
multipliers. together with the inherent vagueness as- 
sociated with the precise location of these jumps in the 
complex plane. has resulted in the Stokes phenomenon 
being enshrouded in a certain element of mystery. In 
1980 O l ~ e r . ' ~  in a survey paper dealing with well- 
constructed error bounds for asymptotic approxima- 
tions. re-examined the question of which expansion in 
(X) and (9) to adopt for K,.(:) in the common sector of 
validity, ;K + 6 S 8 G ;K - 6. By a detailed analysis of 
the associated error bounds. he concluded that. apart 
from a region of uncertainty R bounded by a truncated 
parabola with axis along the negative real z-axis. the 
expansion (X) is more accurate when 8 < K while the 
expansion (9) is more accurate when 8 > a Inside the 
region R, the error bounds were insufficiently precise to 
resolve the details of the transition from one expansion 
to the other. However, Olver was able to deduce that 
8 = ashould be taken as the Stokes line for K,(:), since 
this is the only ray that is completely contained in R. 

3. Smoothing of the Stokes phenomenon 
This picture changed dramatically when Berrys 

argued that the coefficient of the subdominant expan- 
sion should be regarded not as a discontinuous constant 
but, for fixed lzl, as a continuous function of 8. Berry's 
theory was based on Dingle's earlier interpretative 
theory" of asymptotic expansions and demonstrated 
that, when viewed on an appropriately magnified scale, 
the change in the subdominant multiplier near a Stokes 
line is in fact continuous. For a wide class of functions, 
the functional form of this rapid but smooth transition is 
found to possess a universal structure represented to 



leading order by an error function. whose argument is an 
appropriate variable (dependent on the function in 
question) describing the transition across a Stokes line. 

To summarise this theory we continue with our 
example of K,.(:) and optimally truncate l r_(z)  in ( 6 )  
just before its least term. This is given roughly by 
2 1: 1 = A ( A , ( v)l which. from (4). corresponds to 

where [ 1 denotes the integer part. The Stokes multi- 
plier S,. is thcn tiyfitleri by the equation 

which. for fixed (and hence fixed N). is a continuous 
function of 8. Since the term containing S,, is propor- 
tional to the leading term of the expansion of rr  ,(z). we 
sec from (6) and (7)  that as we traverse the Stokcs line 
8 = K (with fixed /:I-- X )  the value of S,, must change 
from 0 to 1. 

Berry's argument was that the second term on the 
risht-hand side of ( 1 1 )  originates from a correct 
interpretation of the tail of the divergent expansion (6). 
By comparison of ( 6 )  with ( 1  1). he formally identified 
the Stokes multiplier in terms of the remainder of the 
expansion rr  (:) truncated at the Nth term as 

- X (> -- 
sv = C A, 

2; cos KV , y 

For large N. the coefficients A,(v) ( r  2 N) can be 
approximated by use of Stirling's formula to reduce the 
quotient of gamma functions in ( 5 )  to a single gamma 
function. namelv 

COS KV 
T(r), r 2 N > > 1 .  

K 

so that 

The series in (12) is. of course. divergent and so 
numerically meaningless but Berry showed that. if 
correctly interpreted by Borel summation. i t  can lead to 
a convergent representation for S,, from which the 
structure of the multiplier in the vicinity of the Stokes 
line can be deduced. This is achieved by replacing I'(r) in 
( I ? )  by its well-known Euler integral representation and 
interchanging the order of summation and integration to 
yield 

'- 7~ (> -- 
S,, =- C (2:r m )  'l' c l t r l  a 

27r; , - ~ , v  

whcrc we have put r = emt/2z and C denotes the ray in 
the r-plane specified by [O. x cxp ( K  - 8)i)  (see Fig. 1). 
Straightforward formal evaluation of the series as 
r V / ( l  - r )  thcn finally yields the convergent ap- 

T =  I 
Fig. 1 .  Thc  path o f  integration in the r pl;~ne and the indent;ition 

round the p l c  at r = 1 

prox~mation for the Stokes multiplier in thc form 

This integral can be converted into a more manage- 
able form by means of Cauchy's theorem. provided 
:K < 8 < ;X, to swing round the path of integration 
on to the positive real axis. together with a semicircular 
indentation round the pole at r = 1,  as shown in Fig. 1. 
Thus 

where the A results from the contribution round the 
indentation as its radius tends to zero and P denotes the 
Cauchy principal value. The characteristic feature of 
this integral, which dominates its behaviour for large l;\. 
is the proximity of the saddle point at r = e'" "" (when 
N is optimal) to the pole at r = 1 when 8 = K. We 
therefore put 

where A, R are real, and restrict our attention to a 
neighbourhood of 8 = n s o  that A >> 1 and ]RI <<A. The 
region near the Stokes line is made more specific if. in 
addition, we stipulatethat p is of order unity: for this 
requires that IHIIVZA be bounded since. from (10). 
N - 1 = [m] = [A + B ' / ~ A  + . . . l .  (We remark 
that this region is similar to Olver's region of uncertainty 
R. 

Defining the new variable r = l + r r  and f(rr) = 
re - In ( l  + r r ) ,  we then obtain 

1 ' 
S,. - - P 11 'c ,'""'p '""(1 + 11)" (/lr. 

*xi I-, 
Since the dominant behaviour for A +  + X  will arise 
from the neighbourhood of rr  = 0, we replace f(rr) and 
(since p is bounded) (1 + re)" by the first term of their 
respective Maclaurin expansions and extend the lower 



limit of integration to - X .  In this way we find 
approximatcl!. 

sin Brr 
drr, 

- lr 

where only the even part contributes to the principal 
value of the integral. 

Evaluation of this last integral'" then finally yields for 
1 .714  X 

where crf denotes the error function defined by 

3 
erf .r = J 1 c ' l -  drr. 

V K  

This result indicates the functional form of the Stokes 
multiplier for K , . ( : )  in the vicinity of the Stokes line 
8 = K. The change is expressed in terms of the variable cr 
which provides a Ioc(11 measure of the angular transition 
across the Stokes line at constant large 1:l. We note that 
the error function for real argument lies between the 
values * 1 and that these limiting values arc approached 
rapidly: for example. lerf (*?)l >0.995. As a conse- 
quence. Sy increases smoothly hut rapidly from the 
value 0 when a is modcratelv large (but bounded) and 
negative (i.e., when 8 is somewhat less than n )  to the 
value 1 when cr is moderately large and positive (i .e.,  
when 8 is somewhat pea tcr  than n).  On the Stokes linc 
we find S, = i. 

From (12) we see that the coefficients in the tail of the 
optimally truncated expansion I(-(:) behave to leading 
order like a "factorial divided by a power of :". Berry 
developed his theory for a very wide class of functions 
for which the coefficients in the tails of their asymptotic 
expansions possess a similar structure. The representa- 
tion of S, as a convergent integral and its subsequent 
estimation are similar to that for K,(z) and are 
expressed in terms of the "singulant" F. This quantity 
was defined by ~ i n g l e "  as the difference between the 
exponents of the dominant and subdominant exponen- 
tials (in the case of K,(z), we have F = -22; cf. (14)). 
The behaviour of S, near a Stokes line for this more 
general class of functions is similarly found to possess 
the error function dependence given by (15). but with 
the variable a now given locally by 

a = Im (F)/(2 Re (F))'". (16) 

4. Rigorous approaches 
The arguments put forward by Berry" were highly 

innovative and insightful but were nevertheless quite 
formal. In addition, the universal error function depen- 
dence only describes the leading behaviour of the Stokes 
multiplier locally in a roughly parabolic-shaped domain 
about the Stokes line (corresponding to bounded values 
of a). Since the appearance of this seminal paper, 
several authors have placed this valuable theory on a 
rigorous foundation and have established more refined 
approximations to S,. 

Olver,17.'* following on from his discussion of the 

estimation of remainder terms in the last chapter of his 
book," was the first to construct new uniform 
exponcntiallv-improved asymptotic expansions for fun- 
ctions defined by Laplacc integrals. Such generalised 
expansions have the merit of possessing greater ac- 
curacy and a larcger domain of validity than conventional 
PoincarO-tvpe expansions. To illustrate his theory. he 
chose the confluent hvpcrgeomctric function U(o: n - 
h + 1: c ) .  which includes many of the commonly used 
special functions. such as Resscl. Airy and parabolic 
cylinder functions. This function is defined hy 

in the sector 181 < :n, and. like K,.(:), posscsses Stokes 
lines at 8 = *nn. n = 1 ,  2 , .  . . . This is not surprising 
since K , . ( : )  = ~ l r ( 2 : ) " c ~ ' U ( \ ~  + I: 2 v  + 1: 2:). The 
asymptotic expansions in the Poincard sense as I:I -. X 

are 

2nic ' U  ' l"" 
U ( n : n - h +  1::)-rr (:)- 

T(cr)I7(h) 
11. (:h 

where 

and (a), = T(n + r)/lT(a). For the Stokes linc 8 = lr. the 
Stokes multiplier Sy is then defined as in ( 1  1 ) by 

where the dominant series 11-(l) is optimally truncated 
at the Nth term, given hy N = [l:[ - Re ( m )  - l ] ,  
a = a + h - 1. It then follows that. for fixed large (sl. SY 
increases from 0 to 1 as 8 increases from values just 
below X to values just above R. 

To  obtain a representation for S, valid in a domain 
containing the Stokes line. Olver first analytically 
continued the integral (17) (by suitable rotation of the 
path of integration) followed by expansion of the factor 
(1 + t ) -" into a series truncated after N terms together 
with a remainder term. In this way he was able to express 
S,exactly in the form of a double integral in a half-plane 
containing 8 = X. This integral was then shown to 
possess the expansion for (z1- m, valid in the sector 
; X -  y < 8 < $ n -  y, (withO< Y S ~ X ) ,  

where C' denotes the ray [O, meiY) similar to that shown 
in Fig. 1. 



The integrals appearing in the above sum are 
analogous to that in (13) and can be expressed in terms 
of the incomplete gamma function T ( l  - v, :), which 
appears as a "building block" in the theory of the Stokes 
phenomenon. This is achieved by introduction of 
Dingle's so-called "terminant" function T,.(:) defined 

l 

(ir. Re ( v )  > O  
l - r 

where the path C' and the sector of validity of the 
integral are the same as in (10). For v - /:l>> l ,  the 
asymptotic behaviour of this integral is again controlled 
by a saddle point at r = -e '"which becomes coincident 
with the pole of the integrand at r = l when 0 = +H.  
Olver- has shown that T,.(:) has the following asympto- 
tic expansion for v - 1 :  1 + x uniformly valid in 0:  

ie - (  I!?)I:I' + n )  X 

T,.(:) - + A erf ( c ( 0 ) V ' m l -  n, I z I - ~ .  
o 

where the a, are calculable coefficients which depend on 
0 (and on 1 :  I - v ) .  (A conjugate expansion is valid in the 
sector - 3 ~  + 6 S 8 S H - 8. )  The quantity c(O), which 
measures the proximity of the saddle point to the pole, is 
defined as that branch of i c2 (0 )  = 1 + i (0  - H )  - el'"-"' 
that behaves in the vicinity of 0 = H like 

In this fashion Olver obtained from (19) by rigorous 
analysis the result for ( : I - +  x 

uniformly valid with respect to 0 in the sector 
! H  + 6 S 0 S : H  - 8. It is then possible to construct the 
"niform exponentially-improved asymptotic expansion 
of S, from knowledge of the expansion of T,.(:). The 
leading order approximation to S,. given by r = 0, is 
therefore 

S, = TV+,(:)  + U ( : - ' )  

= 1' + e r f { ~ ( ~ ) a )  + e'"'";" ""' ~ ( [ Z I - ~ ' ~ ) ,  (21 ) 

which is seen to be independent of the parameters a and 
b. Near 0 = a the argument of the error function is 
approximately ( 0  - K)- ,  which to leading order is 
equivalent to Berry's local variable a in (16) (when 
F = -:). This shows that for large 1 ~ 1 .  S, changes 
smoothly in a zone of angular width about 8 =  scaling 
like 1 ~ 1  "'. The result (21). however. reveals how the 
error function argument is modified beyond the domain 
where o is bounded. 

Independently of both Berry and Olver. JonesIq 
considered the asymptotic behaviour of the optimally 
truncated remainder terms for integrals of type 

f ( s ) e - 3 1 L l .  

By expressing f ( i t )  as an inverse Laplace transform, he 
reduced this integral to a Stieltjes integral of the form 

nt 

and. although the question of the Stokes phenomenon 
was not addressed. he established that the optimal 
remainder has behaviour of error function type near 
0 = * H .  Subsequently. ~ovd ' "  developed an exponen- 
tially-improved asymptotic theory for functions defined 
by a Stieltjes transform. choosing as an example to 
illustrate his theory the modified Bessel function K,.(:). 
Starting from the expression 

COS 7tv K , , ( : ) = :  1'2 e -:- 
H 

defined for IRe ( v ) [  < $ and 101 < 7t, he expanded the 
denominator ( 1  + t l : )  ' into a series truncated at its 
Nth term together with a remainder. Upon term-by- 
term integration. this yields the result ( 1  1 )  with the 
Stokes multiplier now specified by 

where r = emtl: and C denotes the same path of 
integration as in Fig. 1 .  

Since the integrand is dominated by its behaviour 
near r = 1 (where the argument of K,.(:re-") is large 
and almost positive when O =  H ) .  Bovd replaced the 
Bessel function by its dominant expansion given in (6) .  
In this way. by term-by-term integration combined with 
analytical continuation arguments to extend the domain 
of validity in 0 (and in v ) ,  he was able to establish the 
asymptotic expansion of the Stokes multiplier for K,.(:) 
for large 121 in the form 

rir (22) 
l - r  

in the domain ! H <  0 < ! H  containing the Stokes line 
0 = H. The leading term of (22) corresponds to Berry's 
result in (13). Also. we see that the expansion (23) 
agrees with Olver's result for the confluent hyper- 
geometric function in (20) when the values ( I  = + v, 
h = i - v are inserted and : is replaced by 2:. 

Shortly after this. Paris2' adopted a different view- 
point and considered functions defined by Mellin- 
Barnes integrals. These integrals usually involve one or 
more gamma functions (with possibly trigonometric 
functions) and their associated flexibility. combined 
with the properties of the gamma function. readily 
enable the construction of uniform exponentially- 
improved asymptotic expansions. Again this theory was 
illustrated by reference to the confluent hypergeometric 
function. for which _ ' l  

X l.,, r ( -s )T(n + .s)T(h + .S):  \ S ,  101 < : n  (24) 

where L,, (n = 0,  1.2. . . .) denotes the path ( c  + n 
- xi, c + n + x i )  parallel to the imaginary s axis. with 
0 < c < 1. (The path L,, may be indented. if necessary. to 
separate the poles of T(-S) from those of I'(a + S )  and 
r ( b  + S ) . )  This representation has the advantage of 



defining U(a: a + h - 1: ;) in the wider sector 181 < $H, 
so that analytical continuation arguments. which are 
essential for both Laplace and Stieltjes transforms. are 
unnecessary for the Stokes lines at 8 = f H. 

Straightforward displacement of the path of integra- 
tion in (24) to the right and evaluation of the residues of 
the poles of T(-s) at s = 0, l , .  . . , N - 1 then leads to 
the result in (18). with the Stokes multiplier given by 

valid throughout the sector 181 < ;a and where we recall 
that cu = a  + h - 1. The approximation of this integral 
for large [ , - I  to yield the expansion given in (20) then 
immediately follows upon expansion of the quotient of 
gamma functions on the path L, as a series of inverse 
factorials in the form 

X I'(a + s - r )  I s J +  X .  (argsl< H 

and identification of the resulting integrals in terms of 
the terminant function by means of the Mellin-Barnes 
re~resentation 

All these theories are quite general and are applicable 
to a wide class of functions defined by an integral 
transform of the corresponding type. Whichever integ- 
ral representation approach is taken. however. the 
conclusion is the same: the use of the asymptotic 
approximations (6). (7) by themselves is unsafe in the 
neighbourhood of the Stokes line at 8 = a As 8+ H 
from below. the contribution of the series it+(;) must 
increasingly be taken into account in computation. even 
though (7) says that it does not appear until 8 >H. On 
the Stokes line itself. the correct approximation is the 
average of (6) and (7). 

S. Recent developments 
I t  is important to understand the fundamental 

difference in philosophy between working directly with 
the tail of the asymptotic series and adopting an integral 
representation approach. It is true. as Dingle points out 
in his book." that the tail of the divergent series contains 
information which mav be decoded to give the form of 
the dominant expansion in the adjacent sector. In the 
case when the terms are of the form of a factorial divided 
by a power of ;, the gamma function representation is 
used to replace the factorial by an integal. The 
non-rigorous method of Borel summation is then 
applied to interchange summation and integration to 
obtain a single integral for the remainder term. This 
integral is manipulated to eventually become the 
terminant. In the integal representation approach. we 
start from the other end of the problem and such a 
difficulty does not arise. making i t  possible to give a 
rigorous proof on the lines of 84. 

Early in 1991 i t  was felt that a third approach should 
be possible. Based on the fact that all functions 
considered up to that date were solutions of some 
Jnnrmrv/Fc.hntctrv, 1W.F. Volronc* .?I 

second order linear differential equation. it should be 
possible to obtain the exponentially-improved as- 
ymptotic solution directly from the equation without 
prior knowledge of the divergent series or an integral 
representation of the solution. Again this was done 
non-rigorously by Berry" and shortlv afterwards by 
McLeod2' for a special class of equation. A proof for the 
confluent hypergeometric equation was given by Olver-"' 
in 1902, and this has recently been generalised to 
equations with irregular singularity of rank I by Olvcr 
and Olde Daalhuis.:' A class of equations of arbitrary 
order n with power coefficients has been treated by 
Pariszh in 1902 using the Mellin transform approach: 
with more than two linearly independent solutions. the 
question of subdominance becomes more difficult. In 
this case there can be up to n distinct exponential 
behaviours at infinity to consider. 

Not all special functions of interest in applications 
satisfy a second order linear equation. Such a function is 
the gamma function. which was shown in the nineteenth 
century to be incapable of satisfying a linear ordinary 
differential equation with rational coefficients. Starting 
from the logarithm of the gamma function and using a 
Mellin-Barnes integral representation involving the 
Riemann zeta function. the present authors" obtained 
the exponentially-improved expansion for the gamma 
function in 1990. They observed that infinitelv many 
exponential behaviours each associated with its own 
Stokes multiplier were possible at infinity. but the 
detailed computation of these was subsequently carried 
out by Berry.:" Although the gamma function does not 
satisfy a differential equation. i t  does satisfy a difference 
equation. Given that a difference equation may be 
regarded as a differential equation of infinite order. this 
explains why there are infinitely many exponential 
behaviours at infinity for the gamma function. Recently. 
Lawless'" obtained exponentially-improved asymptot- 
ics for solutions of first order difference equations with 
rational function coefficients: this included the gamma 
function as a special case. 

Another extension of exponential asymptotics has 
been the theory of hvperasyrnptc~rics. the theory which 
we described in 83 being known as ncperasvmptotics. 
This nomenclature is due to Berry and Howls. who 
carried out formal explorations." although the work of 
Boyd2" slightly predates this. More recent rigorous 
justification has been provided by Olde Daalhuis."' 
Recall from 84 that the remainder S, in optimally 
truncating the dominant series ( c - ( , - )  was given by the 
asymptotic series (20) or (23). Their basic idea was to 
again optimally truncate either (20) or (23) and estimate 
the new remainder asymptotically. thus picking up 
terms of exponentially smaller order. This process may 
be repeated until the desired level of precision is 
achieved. A hyperasymptotic extension of the saddle 
point method has also been described by Berry and 
Howlsq and Howls:" 

It is important to realise that all of this work has taken 
place over a five-year period. after the topic of the 
Stokes phenomenon had lain virtually unnoticed. except 
by practitioners in the field. for the better part of a 
century. Intense concentration on this "hot topic in 
applied mathematics" has dispelled Stokes' mist to 
reveal that the multiplier does not jump across a Stokes 
line. but changes rapidly and continuously in a generic 
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manner, turning on its head standard teaching in 
mathematical methods courses in this century. ~ u t .  
more than that. it is hoped that the rigorous work by the 
hathematical analysts has removed the last whiff of 
paradox and audacity from this fascinating subject. 
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